Simulation of Regression Models

COSC/DATA 405/505




The simple linear regression model relating a response variable y to a
predictor variable x is

y = B+ B1x + ¢

where 3 is the intercept and 3, is the slope of the regression line.

e Is a random quantity representing noise about the line.




Simulating Data from Regression Models
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eps <— rnorm (500, sd = 8)

ts.plot (eps, ylab="noise")
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Simulating Regression Data

x <— 1:50

eps <- rnorm (50, sd = 16)

y <— 3.5 + 7.0xx + eps



[
=}
@}

!

Simulating Regression Data

plot (y =~ x)

abline (3.5, 7)
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Simulating Regression Data

x <— 1:50

eps <— rnorm (50, sd = 40 )

y <— 3.5 + 7.0%x + eps
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Simulating Regression Data

plot (y =~ x)

abline (3.5, 7)




The p2.12 data frame in the MPV package has 12 observations on the
number of pounds of steam used per month at a plant and the average
monthly ambient temperature.

This data frame contains the following columns:
temp ambient temperature (in degrees F)

usage usage (in thousands of pounds)
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Plotting the Data

library (MPV)

plot (usage = temp, data = p2.12)
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Estimating the Slope and Intercept of the Best Fit Line

usage.lm <- 1lm(usage ~ temp, data = p2.12)

summary (usage.lm) Scoefficients

i Estimate Std. Error t value Pr (>]|t|
## (Intercept) -6.332087 1.67004573 -3.791565 3.534310e-0
## temp 9.208468 0.03382295 272.254999 1.099192e-2
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Plotting the Best Fit Line

plot (usage ~ temp, data = p2.12)

abline (usage.1lm)
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Residuals: Estimates of the Error

residuals <- resid (usage.lm)

plot (residuals ~ temp, data = p2.12)
abline (h =




[
=}
@}

!

Modelling the Error

par (mfrow=ec (1, 2))

hist (residuals)

gqgnorm(residuals); qgqqline(residuals)
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Estimating the noise standard deviation

summary (usage.lm) $sigma

## [1] 1.945628




The regression procedure is based on mathematics which would take
too long to go through here — there are other courses that cover that
material.

Instead, we can use simulation to gain intuition into the procedure.

By simulating new data where we know the true coefficients and the true
errors, we can see how the regression estimates differ from the truth.

We can also learn some things about the residuals and how they relate
to the true errors.
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Simulated Linear Regression Data

p2.12sim <- p2.12 # p2.12sim will soon contain simulated data
eps <- rnorm(n = nrow(p2.12sim) , sd = 1.945) # simulated noise

p2.12simSusage <—- —-6.332 + 9.208*p2.12simStemp +eps
plot (usage ~ temp, data = p2.12sim)
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Simulated Linear Regression Data

p2.12sim.1lm <- 1lm(usage ~ temp, data = p2.12s1im)
#estimated intercept and slope for simulated data

coef (p2.12sim.1m)

## (Intercept) temp
i —-7.905550 9.227047

summary (p2.12sim.1m) Ssigma # sd estimate

## [1] 1.988767
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Plotting the Best Fit Line - Simulated Data

plot (usage = temp, data = p2.12sim)

abline (p2.12sim. 1m)
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The True Errors are Normal; What about the Residuals?

residuals <- resid(pZ2.12sim.1lm)
par (mfrow=ec(1l,2)); hist (residuals)

ggnorm (residuals); qgqline (residuals)
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How do the Simulated Residuals Behave?

plot (eps ~ residuals)

abline (0, 1)
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What is the distribution of the slope estimate?

Nsims <- 20000; slopes <- sderrors <- numeric (Nsims)
for (i in 1:Nsims) {# 20000 simulated data sets
eps <— rnorm(n = nrow(p2.12sim) , sd = 1.945)
p2.1l2simSusage <- —-6.332 + 9.208+*p2.12simS$Stemp +eps
p2.12sim.1lm <- 1lm(usage ~ temp, data = p2.12s1im)
slopes[1] <— coef (pZ2.12s1m.1lm) [2]

sderrors[i] <- summary (p2.12sim.1lm) $coefficients[2, 2]

}

mean (slopes); sd(slopes)

Compare with the estimate (9.208)
## [1] 9.207975 and standard error (.0338) given on
## [1] 0.03406831 slide 9.




!

What is the distribution of the slope estimate?

par (mfrow=ec(1l,2)); hist (slopes); ggnorm(slopes); qqgline (sl
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Testing whether the true slope is 0

ratios <- (slopes - 9.208) /sderrors

n <- nrow(p2.12)
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Plotting the ¢ ratios

par (mfrow=e(1l,2)); hist (ratios)
ggplot (ratios, gt ((1:9999) /10000, df = n-2),

yvlab="quantiles", xlab="ordered t-ratios")
abline (0, 1)




How believable is it that the true slope is 0?
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obstRatio <- 9.208/.0338 # observed t—-ratio
par (mfrow=e(1l,2))
curve (dt (x, df=10), -300, 300, ylab="t-dist")

curve (log (dt (x, df=10), base=10), -300, 300,
ylab="t-dist, base-10 log scale")
rug (obstRatio, col=2, 1lwd=3) # locate the observed t-ratio
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Simulated Linear Regression Data - Noisier

eps <- rnorm(nrow(p2.12), sd = 100) # simulated noise — larger sd

p2.12simSusage <— —-6.332 + 9.208xp2.12simStemp +eps
plot (usage = temp, data = p2.12sim, ylim = ¢ (0, 800))
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Simulated Linear Regression Data — Noisier

p2.12sim.1lm <- 1lm(usage ~ temp, data = p2.12s1im)
#estimated intercept and slope for simulated data

coef (p2.12sim.1m)

## (Intercept) temp
i —-1.471046 7.052513

summary (p2.12sim.1m) Ssigma # sd estimate

## [1] 103.0971
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Plotting the Best Fit Line - Noisier Data

plot (usage = temp, data = p2.12sim)

abline (p2.12sim. 1m)
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How do the Noisier Simulated Residuals Behave?

residuals <- resid (p2.12sim.1lm)
par (mfrow=ec(1l,2))

hist (residuals)

gqgnorm (residuals); qgqline (residuals)
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How do the Noisier Simulated Residuals Behave?

plot (eps =~ residuals)

abline (0, 1)
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Another Example: Model Car Data

library (DAAG)
mcar.lm <- Im(distance.traveled = starting.point,
data = modelcars)

summary (mcar.lm) Scoefficients

4 Estimate Std. Error t wvalue Pr (>t
## (Intercept) 8.083333 1.0779514 7.498792 2.06566le—
## starting.point 2.013889 0.1312041 15.349288 2.801914e-
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The Model Car Data

summary (mcar.lm) $sigma

## [1] 1.524453
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Plotting the Model Car Data

plot (distance.traveled ~ starting.point,

data = modelcars)

abline (mcar.1lm)



Use Simulation to Test the Slope

coef (mcar.1lm) [1]
coef (mcar.1lm) [2]

<- summary (mcar.lm) $sigma

Nsims <- 20000; slopes <- sderrors <- numeric (Nsims)
for (1 in 1:Nsims) {# 20000 simulated data sets
eps <— rnorm(n = nrow (modelcars) , sd = sdCar)
modelcars$distance.traveled <-
b0 + bl*modelcars$starting.point +eps
mcar.lm <- 1lm(distance.traveled =~ starting.point,
data = modelcars); slopes[i] <- coef (mcar.lm) [2

sderrors[i] <- summary (mcar.lm) Scoefficients[2, 2]

}

mean (slopes); sd(slopes)

Compare with the estimate (2.014)
## [1] 2.015052 and standard error (.1312) given on
## [1] 0.1308729 slide 31.
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What is the distribution of the slope estimate?

par (mfrow=ec(1l,2)); hist(slopes); qgnorm(slopes); qqgline (slopes)



Testing whether the true slope is 0
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ratios <- (slopes - 2.015)/sderrors
n <— nrow (modelcars)

par (mfrow=ec(1l,2)); hist (ratios)

ggplot (ratios, gqt((1:9999)/10000, df = n-2),
yvlab="quantiles", xlab="ordered t-ratios")

abline (0, 1)




How reasonable is it that the true slope is 0?
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obstRatio <— 2.015/.1309# observed t—-ratio
par (mfrow=e(1l,2))
curve (dt (x, df=10), -20, 20, ylab="t-dist")

curve (log (dt (x, df=10), base=10), -20, 20,
ylab="t-dist, base-10 log scale")
rug (obstRatio, col=2, 1lwd=3) # locate the observed t-ratio




Simulated Linear Regression Data - Heavy Tailed Noise W

X <— p2.12Stemp

eps <- 3*xrt(n, df=1.05) # scaled t on 1.05 degrees of freg
y <— —6.332 + 9.208*xx + eps

xy.df <- data.frame (x, vVy)

plot(y = x, data = xy.df)
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Simulated Linear Regression Data - Heavy Tailed Noise

yv.lm <- Im(y ~ x, data = xy.df)
# estimated betal hat and betal hat
coef (y.1lm)

## (Intercept) X
## 197.875753 6.689907

# estimated noise standard deviation

summary (y.1lm) Ssigma

## [1] 222.311
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Plotting the Best Fit Line - Simulated

plot (y ~ x, data = xy.df)

abline (y.1lm)
abline (-6.332, 9.208, 1lty=2)
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Simulated Linear Regression Data - Heavy Tailed Noise

residuals <- resid(y.l1lm)
qgqgnorm (residuals)

gqline (residuals)
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How do the Heavy-Tailed Simulated Residuals Behave?

residuals <- resid(y.lm)
par (mfrow=e(1l,2))

hist (residuals)
qgqgnorm (residuals); qgqline(residuals)
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How do the Heavy-Tailed Simulated Residuals Behave?

plot (eps ~ residuals)

abline (0, 1)



Simulated Linear Regression Data - Nonconstant Variance

# increasing variance

eps <- rnorm(n, sd=(x—-15))

y <— —6.332 + 9.208*xx +eps

xy.df <- data.frame (x,vVy)

y.lm <- Im(y =~ x, data = xy.df)
#estimated betal hat and betal hat
coef (y.1lm)

## (Intercept) X
i -1.6790628 9.345003

# estimated nolise standard deviation (not valid!)

summary (y.1lm) Ssigma

## [1] 35.55287
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Plotting the Best Fit Line - Simulated

plot (y ~ x, data = xy.df)

abline (y.1lm)
abline (-6.332, 9.208, 1lty=2)
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Simulated Linear Regression Data - Nonconstant Variance

residuals <- resid(y.lm)
ggnorm (residuals)

gqline (residuals)
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Residuals: How do They Change with x?

plot (residuals = x , data =

abline (h =



Comparing Weighted Least-Squares with Ordinary Least-Squares

Nsims <- 20000; slopes <- sderrors <- numeric (Nsims)
for (i in 1:Nsims) {# 20000 simulated data sets
eps <- rnorm(n, sd=(x—15))
y <— —6.332 + 9.208*xx +eps
xy.df <- data.frame (x, V)
y.lm <- Im(y ~ x, data = xy.df)
slopes[i] <- coef(y.lm) [2]
sderrors[i] <- summary(y.lm)Scoefficients[2, 2]

}

mean (slopes); sd(slopes)

## [1] 9.206187
## [1] 0.6807442
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Comparing Weighted Least-Squares with Ordinary Least-Squares

for (1 in 1:Nsims) {# 20000 simulated data sets
eps <- rnorm(n, sd=(x—-15))
y <— —6.332 + 9.208*xx +eps
xy.df <- data.frame (x,yVy)
yv.lm <- 1lm(y ~ x, data = xy.df, weights=1/(x-15))
slopes[i] <- coef(y.lm) [2]

sderrors[i] <- summary(y.lm) Scoefficients[2,2]

}

mean (slopes); sd(slopes)

## [1] 9.213301
## [1] 0.5004347




